Post-Newtonian expansions of the binding energy and gravitational wave flux truncated at the same relative post-Newtonian order form the basis of the standard adiabatic approximation to the phasing of gravitational waves from inspiralling compact binaries. Viewed in terms of the dynamics of the binary, the standard approximation is equivalent to neglecting certain conservative postNewtonian terms in the acceleration. A new complete adiabatic approximant constructed from the energy and flux functions is proposed. At the leading order it employs the 2PN energy function rather than the 0PN one in the standard approximation, so that, effectively the approximation corresponds to the dynamics where there are no missing post-Newtonian terms in the acceleration. We compare the overlaps of the standard and complete adiabatic approximant templates with the exact waveform (in the adiabatic approximation) for a test-particle orbiting a Schwarzschild black hole. Overlaps are computed for the VIRGO and the Advanced LIGO noise spectra.
I. INTRODUCTION
Coalescing compact binaries consisting of black holes and/or neutron stars are among the most promising sources for ground-based interferometric gravitational wave (GW) detectors. One of the main challenges of the data analysis for this kind of sources is to create a template bank with which the detector output may be optimally filtered. This, in turn, requires an accurate description of the time-evolution of the GW phase. Binary coalescences are the end state of a long period of adiabatic dynamics in which the orbital frequency of the system changes as a result of gravitational radiation reaction but the change in frequency per orbit is negligible compared to the orbital frequency itself. Then the inspiral orbit can be thought of as an adiabatic perturbation of a number of circular orbits (with a specific conserved energy associated with each of them). Given the binding energy E(v) and gravitational wave luminosity F (v) of the binary, the phasing ϕ(t) of the waves can be calculated in the adiabatic approximation using the following ordinary, coupled differential equations:
where E ′ (v) = dE(v)/dv, and m = m 1 + m 2 is the total mass of the binary. The binding energy E(v) and gravitational wave luminosity F (v) are calculated, in general, as post-Newtonian (PN) expansions in terms of an invariantly defined velocity parameter v 1 . The phasing of GWs obtained by numerically solving the above phasing formula is called Taylor T1 approximant [1] .
A. Standard and complete approximants
The standard approach to the GW phasing is based on the PN expansions of the binding energy (energy function) and GW luminosity (flux function) truncated at the same relative PN order [2] . At the lowest order, it uses only the leading terms in the energy (Newtonian) and flux (quadrupolar) functions. For higher order phasing, the energy and flux functions are retained to the same relative PN orders. We refer to this usual physical treatment of the phasing of GWs computed in the adiabatic approximation as the standard adiabatic approximation.
With a view to going beyond the adiabatic approximation, we must think of this in terms of the dynamics of the binary under conservative relativistic forces and gravitational radiation damping. In the conservative dynamics of the binary, wherein there is no dissipation, the energy is expressed as a post-Newtonian expansion in v 2 , with the dynamics involving only even powers of v. When radiation reaction is added to the dynamics, then the equation of motion will have terms of both odd and even powers of v. The radiation reaction is a correction to the dynamics that first appears at the 2.5PN (i.e. v 5 ) order and not at 1PN or 1.5PN order. It is possible to construct the phasing of GWs from the direct integration of the equations of motion, without relying on the adiabatic approximation. At leading order, the standard non-adiabatic approximant uses the 0PN and 2.5PN terms in the acceleration (equivalent to using Newtonian conserved energy and quadrupolar flux), neglecting the intervening 1PN and 2PN terms. But a complete treatment of the acceleration at leading order should include all terms up to 2.5PN, without any gaps. We define the phasing of the GWs constructed in this approximation as the complete non-adiabatic approximant.
In the adiabatic approximation, the energy/flux functions can be thought of as carrying the information of the conservative/radiative dynamics of the system. So it is possible to construct adiabatic variants of standard and complete non-adiabatic approximants entirely based on energy and flux functions. In this sense standard adiabatic approximation is equivalent to neglecting certain conservative terms in the acceleration and thus resulting in gaps in the dynamics. In Ref. [3] , we have proposed a new complete adiabatic approximant based on energy and flux functions. At the leading order, it uses the 2PN energy function instead of the 0PN energy function so that, heuristically, no intermediate post-Newtonian terms in the acceleration are missed. Following the notation used in Ref. [3] , we denote the standard adiabatic approximant at nPN order as T (E [n] , F n ) and the corresponding complete adiabatic approximant as T (E [n+2.5] , F n ), where [p] denotes the integer part of p.
In Ref. [3] , the performance of the standard and complete approximants was evaluated in terms of their effectualness and faithfulness [4] . We first investigated the problem as a general mathematical question concerning the nature of PN templates assuming a flat power spectrum for the detector noise. We then repeated the study using the initial LIGO noise spectrum. It was found that, at low (<3PN) PN orders the complete approximants bring about a remarkable improvement over the standard approximants for the construction of effectual templates. However, the standard approximants are nearly as good as the complete approximants at higher orders. In terms of the faithfulness, it was again found that the complete approximants generally performed better than the standard approximants.
In the present study, we assess the relative performances of the standard and complete adiabatic approximants for the VIRGO and Advanced LIGO noise spectra, as characterized by effectualness and faithfulness. We first perform this for the case of test-mass templates by comparing them with an exact waveform calculated in the adiabatic approximation of a test mass falling in to a Schwarzschild black hole. We then explore the extension of the results to the comparable mass case, where the approximants are compared with a fiducial exact waveform. We restrict our study to the inspiral phase of the coalescing binary, neglecting the plunge and quasi-normal ring down phases.
B. Noise spectra of the interferometers
The one-sided noise power spectral density (PSD) of VIRGO is given in terms of a dimensionless frequency x = f /f 0 by [1] 
where f 0 = 500 Hz; while the same for the Advanced LIGO reads [5, 6] 
where f 0 = 215 Hz.
II. TEST MASS WAVEFORMS IN THE ADIABATIC APPROXIMATION
In the case of a test-particle orbiting a Schwarzschild black hole, the energy function E(v) is exactly calculable analytically, while the flux function F (v) is exactly calculable numerically [7] . We use these functions to construct the exact waveform in the adiabatic approximation. The analytical exact energy function can be Taylor-expanded to get the approximants of the energy function. In addition, F (v) has been calculated analytically to 5.5PN order [8] by black hole perturbation theory. These approximants of energy and flux function are used to construct the approximate templates. In this study, we restrict to TaylorT1 approximants, since they do not involve any further re-expansion in the phasing formula. Hence there is no ambiguity in constructing the phasing of the waveforms using approximants with unequal orders of the energy and flux functions as required for the complete adiabatic approximant 2 . The exact waveform is also constructed by the TaylorT1 method. The waveforms (both the exact and approximate) are all terminated at v lso = 1/ √ 6, which corresponds to F lso ≃ 86 Hz for the (1M ⊙ , 50M ⊙ ) binary and F lso ≃ 399 Hz for the (1M ⊙ , 10M ⊙ ) binary. The lower frequency cut-off of the waveforms is chosen to be F low = 20 Hz.
A. Comparison of standard and complete adiabatic approximants
The effectualness and faithfulness of various PN templates for two archetypical binaries with component masses (1M ⊙ , 10M ⊙ ) and (1M ⊙ , 50M ⊙ ) are tabulated in Tables I and TABLE I : Effectualness of standard(S) adiabatic T (E [n] , Fn) and complete(C) adiabatic T (E [n+2.5] , Fn) approximants in the test mass limit. Percentage biases σm and ση in determining parameters m and η = m1m2/m 2 are given in brackets. II. All the results are in perfect agreement with the results of our earlier study [3] using the initial LIGO noise spectrum. Complete adiabatic approximants bring about a remarkable improvement in the effectualness for all systems at low PN orders (< 3PN).
On the other hand, the difference in effectualness between the standard and complete adiabatic approximants at orders greater than 3PN is very small. Thus, we conclude that standard adiabatic approximants of order ≥ 3PN provides a good lower bound to the complete adiabatic approximants in the construction of effectual templates. This study also confirms our earlier observation [3] that complete adiabatic approximants are generally less 'biased' in estimating the parameters of the binary. Faithfulness of complete adiabatic approximants is generally better at all PN orders (even at very high orders) studied, which suggests that the complete approximants are closer to the exact solution than the corresponding standard approximants. But there are some cases of anomalous behavior. In the next subsection we will try to understand the reason for these anomalous cases where the complete approximants perform worse than the standard. Table III summarizes the PN orders showing the anomalous behavior (i.e. the complete approximants being less faithful than the standard approximants) for the different noise spectra studied by us. The best-sensitivity bandwidth of each detector is shown in brackets 3 . The left-most column in the table shows the flattest noise spectrum and the right-most column shows the narrowest one.
In order to understand the anomalous behavior shown at certain PN orders, we compare the approximants of the E ′ (v)/F (v) function with the corresponding exact function. Fig. 1 shows the standard and complete approximants of E ′ (v)/F (v) in the case of the (1M ⊙ , 10M ⊙ ) and (1M ⊙ , 50M ⊙ ) binaries along with the corresponding exact functions. These results show that, while the complete approximants are far superior to the standard approximants in modelling the late-inspiral, the early inspiral is better modelled by the standard approximants at these PN orders. In the case of the (1M ⊙ , 10M ⊙ ) binary, the 0PN standard approximant is closer to the exact function than the corresponding complete approximant in the frequency region 20-50 Hz. But, since none of the detectors is sensitive in this frequency band, this effect shows up in the white-noise case only. Similarly the 1.5PN and 2PN standard approximants are closer to the exact function in the frequency regions 20-60 Hz and 20-80 Hz, respectively. But the 1.5PN approximant does not show the anomalous behavior in the case of the Advanced LIGO and Initial LIGO because the 20-60 Hz region does not fall in the best-sensitivity bandwidth of these detectors. The anomalous behavior exhibited by the 3PN approximant can be understood in a similar way. It should be noted that the final stages of the inspiral is much better modelled by the complete approximants (see the top panel of Fig. 1) . But, since the binary spends more cycles in the early inspiral phase, the overlaps are heavily influenced by the efficiency of the modelling of the early inspiral. 
III. COMPARABLE MASS WAVEFORMS IN THE ADIABATIC APPROXIMATION
In the case of comparable mass binaries there is no exact waveform available and the best we can do is to compare the performance of the standard adiabatic and complete adiabatic templates by studying their overlaps with some plausible fiducial exact waveform. The required energy and flux functions have been calculated by supplementing the exact functions in the test mass limit by all the known η-dependent corrections (from post-Newtonian theory) in the comparable mass case 4 . In the case of comparable mass binaries, the energy function is currently known up to 3PN order [9, 10, 11, 12, 13, 14] and the flux function up to 3.5PN order [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] . The waveforms ('exact' and approximate) are constructed by the TaylorT1 method and are terminated at v lso = 1/ √ 6, which corresponds to F lso ≃ 1570 Hz for a (1.4M ⊙ , 1.4M ⊙ ) binary and F lso ≃ 220 Hz for a (10M ⊙ , 10M ⊙ ) binary. The lower frequency cut-off of the waveforms is chosen to be F low = 20 Hz.
A. Comparable mass results in the adiabatic approximation
Effectualness and faithfulness of various TaylorT1 templates in detecting two prototype binaries with component masses (10M ⊙ , 10M ⊙ ) and (1.4M ⊙ , 1.4M ⊙ ) are shown in Fig.  2 and are tabulated in Tables IV and V. It should be noted that the complete adiabatic approximants are presently calculated only up to 1PN order. Thus, it is not possible to make strong statements of general trends. Heuristically one can conclude from Fig. 2 that standard adiabatic approximants of order ≥ 1.5PN provide a good lower-bound to the complete adiabatic approximants for the construction of both effectual and faithful templates. We also note from Table IV that standard adiabatic approximants of order 2PN/3PN produce the target value 0.965 in effectualness (corresponding to 10% eventloss) in the case of the BH-BH/NS-NS binaries.
IV. NON-ADIABATIC APPROXIMANTS
In [3] , we also looked at the relative performance of standard and complete nonadiabatic approximants, using the Lagrangian templates described by Buonanno, Chen and Vallisneri [27] , comparing them with the exact waveform 5 constructed in the adiabatic approximation. The overlaps were computed for the white noise spectrum and the initial LIGO noise spectrum. We had found that, as for the adiabatic approximants, the complete approximants were far better than the standard approximants for the construction of effectual templates. However, in marked contrast to the adiabatic case, we found that the use of complete templates led to a decrease in faithfulness compared to the standard templates. In this study, we look at the relative performance of the standard and complete approximants for the case of the Advanced LIGO and VIRGO noise spectra. The results are tabulated in Tables VI and VII. It should be noted that, at present, results are available at too few PN orders to make statements about general trends in effectualness and faithfulness. However, we find that, as in [3] , the complete approximants are generally better than the standard for the construction of effectual templates, but the faithfulness of the complete approximants is less than that of the standard.
V. SUMMARY
The standard adiabatic approximation to the phasing of GWs from inspiralling compact binaries is based on PN expansions of the binding energy and GW flux truncated at the same relative PN order. Viewed in terms of the dynamics of the binary, this standard treatment is equivalent to neglecting certain conservative terms in the acceleration. In an earlier work [3] , we have proposed a new complete adiabatic approximant which, in spirit, corresponds to a complete treatment of the acceleration accurate up to the respective PN order. In this study we have investigated the performance of the standard and complete adiabatic approximants in the cases of the VIRGO and Advanced LIGO noise spectra. This has been done by measuring their effectualness (i.e. larger maximum overlap with the exact waveform), and faithfulness (i.e. smaller biases in parameter estimation). In the test-mass case, the approximants were compared with the exact waveform; while in the comparable mass case, the approximants were compared with a fiducial 'exact' waveform. We have considered only the inspiral phase of the binary, neglecting the plunge and quasi-normal ring down phases. We summarize the results of our study as follows:
• In the test-mass case, effectualness of the templates improves significantly in the complete adiabatic approximation at lower (< 3PN) PN orders. But standard adiabatic approximants of order ≥ 3PN are nearly as good as the complete approximants.
• Faithfulness of complete adiabatic approximants is generally better at all PN orders studied. But there are some cases of anomalous behavior. We have shown that, at these PN orders (0PN, 1.5PN, 2PN and 3PN) the early inspiral is better modelled by the standard approximants than the corresponding complete approximants, which explains the better faithfulness exhibited by the standard approximants at these orders. But complete adiabatic approximants are far superior to the standard adiabatic approximants in modelling the final inspiral.
• Complete adiabatic approximants are generally less 'biased' in estimating the parameters of the binary.
• In the case of comparable-mass binaries, standard adiabatic approximants of order ≥ 1.5PN provides a good lower-bound to the complete adiabatic approximants for the construction of both effectual and faithful templates.
• In the comparable-mass case, standard adiabatic approximants of order 2PN/3PN produce the target value 0.965 in effectualness (corresponding to 10% event-loss) in the case of the BH-BH/NS-NS binaries.
